Abstract. Some existence results for a system of multi-valued generalized order complementarity problems are established in terms of fixed point theorems for multivalued increasing-type mappings and decreasing mappings in ordered metric spaces.
Introduction
The complementarity problem, as an interesting and important subject of current mathematics, has been well studied by many authors. For details we can refer to [1, 3, 4, 6 -11] and the references therein. The order complementarity problem, which is an extension of the classical complementarity problem, has obtained increasing attention (see, for instance, [1, 4, 6, 8 -11] ) for its potential applications to economics, mechanics and electric engineering, game theory, and optimization, etc. In 1991, a class of generalized order complementarity problems was introduced and studied by Isac and Kostreva [10] in ordered Banach spaces. The theoretic framework for the generalized order complementarity problem was established through fixed point theory. In [11] , Isac and Kostreva considered a class of multi-valued generalized order complementarity problems and proved the existence of solutions under some condition (K). Recently, Huang and Fang [6] further introduced a new system of multi-valued generalized order complementarity problems and presented some existence results of solutions by means of fixed point and coupled fixed point theorems, which extended and improved the corresponding results of Isac and Kostreva [10, 11] .
The main objective of this paper is to present some further findings concerning some recent works (see [6, 10, 11] ) in the area of solvability methods for a system of multi-valued generalized order complementarity problems. By using the concepts of multi-valued increasing-type mappings (see, for example, [6, 11, 12, 13] ) and decreasing mappings, we first establish some new fixed point theorems in ordered metric spaces. In terms of these new fixed point theorems, some new existence results of solutions for the system of multi-valued generalized order complementarity problems are presented in the setting of ordered metric spaces.
Preliminaries
Let (E, ≤) be a vector lattice, that is, for every pair x, y ∈ E, the supremum x ∨ y with respect to the partial order " ≤ " exists in E. In this case, for every x, y, z ∈ E, one has
where x ∧ y denotes the infimum.
Let (X, d) be a real complete metric space and φ : X → R a function. In 1976, Caristi [2] introduced a partial order " ≤ " in X by
Definition 2.1. Let (E, ≤) be a non-empty ordered set, A and B be two non-empty subsets of E. We say that
If E is a set, then as usual we denote by 2 E the family of all non-empty subsets of E.
be two multi-valued mappings. We say that
Some fixed point theorems
In this section, we establish some new fixed point theorems for multi-valued increasing-type mappings and decreasing mappings in ordered metric spaces. (ii) S is ≤ 1 -increasing. (ii) T is mixed ≤ 3 -increasing.
Clearly, C is non-empty and (x 0 , y 0 ) ∈ C. We define a partial order on C by
and prove that (C, ) has a maximal element (x * , y * ). Without loss of generality, let {(x µ , y µ )} µ∈J ⊂ (C, ) be any totally ordered set, where J is a directed set with µ, ν ∈ J, and µ ν if and only if (x µ , y µ ) (x ν , y ν ). We now prove there exist z, w ∈ X such that x µ → z, y µ → w and 
(i) S(x) is non-empty and compact for all x ∈ X.
(ii) S is ≤ 3 -decreasing. 
Then (X, d) is a complete metric space and φ : X → R is a continuous function with bounded rang φ(X).
Remark 3.1. Some fixed theorems for single-valued increasing mappings and coupled fixed point theorems for single-valued mixed increasing mappings in ordered metric spaces were first established by Zhang [14] .
A system of multi-valued generalized order complementarity problems
In this section we prove some new existence results of solutions for a system of multi-valued generalized order complementarity problems by virtue of the results presented in Section 3. Let (X, d) be a real complete metric space, φ : X → R be function and " ≤ " the partial order defined by (2.1) such that (X, ≤) is a vector lattice.
is a multi-valued mapping. We now consider the following problem associated with {f i } 1≤i≤m and K 0 :
Find
which is called a system of multi-valued generalized order complementarity problems and which was considered already by Huang and Fang [6] .
If T i (x, y) = T i (y) for all x, y ∈ X, then problem (4.1) collapses to the following problem:
for all x, y ∈ X, then problem (4.1) reduces to the following multi-valued generalized order complementarity problem:
which was introduced and studied by Isac and Kostreva [11] . y) is non-empty and compact for all x, y ∈ X.
(ii) T i is mixed Λ-≤ 3 -increasing for each i.
is upper semi-continuous with compact values. Then problem (4.1) is solvable.
Proof. We define
T (x, y) = (I + Λ)
and show that T satisfies all the assumptions of Theorem 3.2.
(1) Conditions (i) and (v) imply that T (x, y) is non-empty and compact for all x, y ∈ X.
(2) Next we prove that T is mixed ≤ 3 -increasing. For this, let x 1 ≤ x 2 , y 2 ≤ y 1 and u ∈ T (x 1 , y 1 ). From (4.4) and (4.5), there exist u
) . Since T i is mixed Λ-≤ 3 -increasing for each i and Λ is increasing, there exist u 2 i ∈ T i (x 2 , y 2 ) and w 2 ∈ X such that
Since (I + Λ)
is ≤ 3 -increasing, there exists v ∈ (I + Λ) (i) The set sup 1≤i≤m z i : z i ∈ T i (x)} is non-empty and compact for all x ∈ X.
(ii) T i is Λ-≤ 3 -decreasing for each i. 
